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Let B be a Banach space. A B-valued sequence xk is weakly statistically null
provided limn
1
n
k ≤ n x f xk > ε = 0 for all ε > 0 and every continuous linear
functional f on B. A Banach space is nite dimensional if and only if every weakly
statistically null B-valued sequence has a bounded subsequence. If B is separable, B∗
is separable if and only if every bounded weakly statistically null B-valued sequence
contains a large weakly null sequence. A characterization of spaces containing an
isomorphic copy of l1 is given, and it is also shown that l2 has a statistical M-basis
which is not a Schauder basis. ' 2000 Academic Press
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252 statistical convergence in banach spaces
Statistical convergence is a generalization of the usual notion of conver-
gence that, for real-valued sequences, parallels the usual theory of con-
vergence. This note shows that this is not the case for weakly statistically
convergent Banach space valued sequences and, in so doing, provides char-
acterizations of nite dimensional Banach spaces and of separable Banach
spaces with separable duals. We also give an example of a statistical M-
basis which is not a Schauder basis.
While statistical convergence has become an active area of research un-
der the name of statistical convergence only recently, it has appeared in the
literature in a variety of guises since the beginning of this century. Statistical
convergence has been discussed in number theory [5], trigonometric series
[18], and summability theory [7]. In recent years generalizations of statisti-
cal convergence have appeared in the study of strong integral summability
[3], locally convex spaces [13, 14], and the structure of ideals of bounded
continuous functions on locally compact spaces [2].
Recall that the standard denition of xk is convergent to l requires
that the set k x xk − l > ε be nite for every ε > 0. A real-valued
sequence xk is said to be statistically convergent to a number l provided
that the set k x xk − l > ε, instead of being nite, has natural density 0
where the natural density of a subset A ⊂  is dened to be δA where
δA = limn n−1k ≤ n x k ∈ A. For real-valued sequences, statistically
convergent sequences often satisfy statistical analogs of the usual attributes
of convergent sequences. For instance, statistically convergent sequences
are statistically bounded, a sequence is statistically convergent if and only if
it is statistically Cauchy, and there are statistical analogs of the lim sup and
lim inf, etc. [6, 8, 9, 10, 16]. One key result is that a real-valued statistically
convergent sequence agrees with convergent subsequence for almost all
of its values. More specically, if x = xk is statistically convergent to l
then there is a convergent sequence y = yk such that y is convergent to
l and δk x xk 6= yk = 0; i.e., xk = yk for almost all k [8]. This is
equivalent to the sequence being convergent in density; i.e., there is a set
A such that δA = 1 and x→A l; for every ε > 0, there is a Jε such that
j > Jε and j ∈ A implies xj − l < ε.
Maddox launched the investigation of statistical convergence in locally
convex spaces in [13]. If E; τ is a locally convex space where τ is generated
by a family of seminorms Q and x = xk is an E-valued sequence, then
the sequence x is said to be τ-statistically convergent to l ∈ E if qxk − l is
statistically convergent to 0 for every q ∈ Q. In this note we investigate the
properties of statistically convergent sequences in Banach spaces. Following
Maddox, we dene norm and weak statistical convergence as follows:
Denition 1. Let B be a Banach space, let xk be a B-valued se-
quence, and x ∈ B.
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1. The sequence xk is norm statistically convergent to x provided
that δk x xk − x > ε = 0 for all ε > 0.
2. The sequence xk is weakly statistically convergent to x provided
that, for any x∗ in the continuous dual B∗ of B, the sequence x∗xk − x
is statistically convergent to 0.
It is natural to dene a series
P
k xk of real numbers to be statistically
convergent to l by requiring the sequence of partial sums Pnk=1 xk to be
statistically convergent to l. Note that if
P
k xk is statistically convergent to
l; then, as the sequence of partial sums must converge in the usual sense
along a set of density 1, there is an increasing sequence of integers n1 <
n2 < : : : such that limi
Pni
k=1 xk = l. In this note, we dene a biorthogonal
system xk; x∗k in a Banach space X;   to be a statistical Markushevich
basis (or statistical M-basis) provided∥∥∥∥ nX
k=1
x∗kxxk − x
∥∥∥∥
is statistically convergent to 0. We give an example of a statistical M-basis
of l2 that is not a Schauder basis and has the additional property that for
every sequence of increasing integers n1 < n2 < · · · there is an x ∈ l2 such
that
Pni
k=1 x
∗
kxxk ¢x. This will be a generalization of the example of a
lter basis, which is not a basis with brackets [11].
Before we give the characterizations of nite dimensional spaces and sep-
arable spaces with separable duals, it will be helpful to recall some elemen-
tary facts regarding the natural density and statistically convergent scalar-
valued sequences. The following known lemma regarding sets of natural
density is the key to establishing many results regarding statistical conver-
gence sequences with values in a normed linear space.
Lemma 1 [1, 7]. Let Ai x i ∈ I be a countable collection of subsets of
 such that δAi = 1 for each i ∈ I. Then there is a set A ⊂  such that
δA = 1 and A\Ai <∞ for all i ∈ I.
Given this lemma, it is straightforward to see that if x is a real-valued
sequence and x is statistically convergent to l, then there is a sequence
y convergent to l such that xk = yk for almost all k: for each i ∈ , let
Ai = k x xk − l ≤ 1/i and note that δAi = 1 for each i. Let A be
as given in the conclusion of the lemma and observe that x →A l. Now
dene y by yk = xk for each k ∈ A and yk = l for k /∈ A.
It is clear that if a Banach space valued sequence xk is norm statistically
convergent, then the same construction produces a convergent sequence y
such that x = y for almost all k. As a consequence, many of the results
for real statistically convergent sequences carry over to norm statistically
convergent sequences (see [12]). The lemma also yields the following result:
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Proposition 1. Let B be a Banach space with a separable dual B∗. If
x = xk is a bounded, weakly statistically convergent B-valued sequence,
then there is weakly convergent sequence y = yk such that xk = yk for
almost all k.
Proof. Without loss of generality, suppose that xk is weakly statisti-
cally convergent to 0. Let D be a countable dense subset of B∗ and for each
d∗ ∈ D select a subset Ad∗ ⊂  such that δAd∗  = 1 and d∗xk →Ad∗  0.
Now, by the lemma, select A such that δA = 1 and A\A
d∗  <∞ for all
d∗ ∈ D. The remainder of the proof demonstrates that x∗xk →A 0 for
all x∗ ∈ B∗.
Suppose that supk xk ≤ K and that x∗ ∈ B∗ and ε > 0 have been given.
Select d∗ ∈ D such that d∗ − x∗ < ε/2K. Note there is a Nε ∈  such
that if j ≥ Nε and j ∈ Ad∗ then d∗xj < ε/2 and an Kd∗ ∈  such that
j > Kd∗ and j ∈ A implies j ∈ Ad∗ . Set J = Jε; d∗ = maxNε;Kd∗. The
triangle inequality now yields that x∗xj < ε whenever j ≥ J and j ∈ A.
Dening the sequence y by yk = xk for each k ∈ A and yk = 0 for k /∈ A
yields the result.
The hypotheses that the sequence be bounded and the dual be separable
are each critical. In particular, it is shown that
Theorem 1. Let B be a Banach space. Then B is nite dimensional if and
only if every weakly statistically null sequence has a bounded subsequence.
Theorem 2. Let B be a separable Banach space. Then B has a separable
dual if and only if every bounded weakly statistically null sequence agrees with
a weakly null sequence on almost all indices.
Bounded weakly statistically null sequences can also be used to charac-
terize Banach spaces that contain isomorphic copies of l1.
Theorem 3. Let B be a Banach space. Then B does not contain an iso-
morphic copy of l1 if and only if every bounded weakly statistically null se-
quence contains a weakly null subsequence.
Proofs of the main results. First we give a promised example of a statis-
tical M-basis.
Example 1. A statistical M-basis which is not a Schauder basis.
Let ei x i ∈  be the standard basis of l2 and let e∗i x i ∈  be its
coordinate functionals. Put xn =
Pn
i=1 ei and x
∗
k = e∗k − e∗k+1: We claim that
xk; x∗k is a statistical M-basis of l2 which is not a Schauder basis.
Before proceeding with the argument, it will be useful to make a few
observations. First note that x∗kxj = δk;j , where δk;j is the Kronecker
delta, and that x∗k is a continuous linear functional for each k ∈ . Now
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note that, if x = P∞i=1 aiei; ai = e∗i x and Snx denotes Pnk=1 x∗kxxk,
then
Snx =
nX
k=1
(
e∗kx − e∗k+1x
 kX
i=1
ei
=
nX
i=1
aiei − an+1
nX
k=1
ek
It follows that Snx → x in l2 if and only if
lim
n→∞ an+1
nX
k=1
ek = 0
and hence if and only if limn→∞ an+12n = 0:
Now we show that xn x n ∈  is not a Schauder basis. In fact, we
show that for any increasing sequence of integers n1 < n2 < · · · there is
an x ∈ l2; such that Snix¢x in l2. Suppose that an increasing sequence
of integers ni has been given and select mi∞i=1 ⊂ ni∞i=1; such that
m1 < m2 < m3 < · · · and mi > i2. Let x =
P∞
k=1 akek where
ak =

1/
√
k there is an i ∈  such that k = mi + 1:
0 for all i ∈  x k 6= mi + 1:
Note that x is an element of l2: Now
lim
i→∞
ami+12mi = limi→∞mi
.
mi + 1 = 1 6= 0
and hence Sni x does not converge to x in l2:
Now we prove that xn x n ∈  is a statistical M-basis. Let x = ak ∈ l2
and, for each ε > 0; let Aε = k ∈  x ka2k ≥ ε. Note that it in order to
prove that Snx − x is statistically convergent to 0, it sufces to show
that Aε is a set of density 0. Suppose the contrary: then there is an ε > 0,
a C > 0; and an increasing sequence of integers n1 < n2 < · · · such thatk ≤ ni x ka2k ≥ ε}ni > C:
We may assume ni < C · ni+1/2. Then
∞X
k=1
a2i ≥
∞X
i=1
ni+1−1X
k=ni
a2k
≥
∞X
i=1
ni+1−1X
k=1−C/2ni+1
ε/k
>
∞X
i=1
Z ni+1
1−C/2ni+1
ε
x
dx = ∞
and hence x /∈ l2. As this is a contradiction, Snx → x statistically in l2.
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Now we make some observations leading to the proof of Theorem 1.
First note that as the weak and norm topologies agree on nite dimen-
sional spaces and, as observed earlier, norm statistically null sequences have
norm convergent subsequences, it follows that if the space is nite dimen-
sional, then weakly statistically null sequences have bounded subsequences.
Next we show that any innite dimensional Banach space contains a weakly
statistically null sequence with no bounded subsequence.
For the remainder of the note, let ω denote the set of all naturals in-
cluding 0. Let Ej denote k ∈  x 2j ≤ k < 2j+1; j ∈ ω. Observe that if
x = xk is a real-valued sequence, then
lim
j
1
2j
X
k∈Ej
xk = 0⇒ lim
n
1
n
nX
k=1
xk = 0
and hence xk is statistically null.
Example 2. The space l2 contains a weakly statistically null sequence
with no bounded subsequences.
Let ek denote the standard unit vector basis of l2 and let α =
αk be an unbounded increasing sequence of positive reals such that α =
o√n. Dene a sequence xk in l2 by xk = αkek. Now let f = fk ∈
l2 = l2∗ and note that
2−n
X
k∈En
f xk = 2−n
X
k∈En
αkfk
≤ 2−n
 X
k∈En
α2k
 1
2
 X
k∈En
f 2k
 1
2
≤ 2−n
 X
k∈En
α2k
 1
2
f:
Since 2−nPk∈En α2k1/2→ 0 as n→∞, it follows that limn n−1Pnk=1 f xk= 0 and hence xk is weakly statistically null. Also note that as xk = αk
increases monotonically to innity, xk has no bounded subsequences.
This example appears, in essence, in any innite dimensional Banach
space. Recall the famous theorem of Dvoretzky:
Theorem 4 (Dvoretzky in [4]). Let B be an innite dimensional Banach
space. Then for each n ∈  and ε > 0 there is a subspace F ⊂ X such that
dimF = n and operators u; v such that l2 →u F →v l2, uv is the identity,
and u v < 1+ ε.
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Thus any innite dimensional Banach space B contains a disjoint se-
quence of almost Euclidean subspaces Bn of B with dimBn = 2n and
operators un and vn, l2En →un Bn →vn l2En such that un vn < 5/4.
Let xj be the sequence dened in the preceding paragraph and now de-
ne a B-valued sequence z = zj by zj = unxj for j ∈ En. Then z is
weakly statistically null and has no bounded subsequences. This establishes
Theorem 1.
Now we turn our attention to Theorem 2. It will be useful to introduce
some notation to describe trees and to recall a martingale type inequality.
Let L = n; k x n; k ∈ ω; 1 ≤ k ≤ 2n and recall that xn;k x n; k ∈ L
is a tree in B provided xn;k = 1/2xn+1; 2k−1 + xn+1; 2k for each n; k ∈
L. A tree xn;k is bounded provided supn; k∈L xn;k <∞.
A tree in B can also be considered as a sequence of B-valued functions
dened on the interval 0; 1. Let Fn;k = k − 1/2n; k/2n ⊂ 0; 1, let
6n be the algebra generated by sets Fn;k x 1 ≤ k ≤ 2n,
Xnt =
2nX
k=1
xn;kχFn;k ;
and Yn = Xn+1 −Xn. Observe that if x∗ ∈ B∗ then x∗Yn ∈ L20; 1; 6n+1
and
R
G x
∗Yn = 0 for all G ∈ 6n. It follows that x∗Yn is orthogonal to all
6n-measurable functions in L2 and hence, by the Pythagorean theorem,∥∥x∗Xn∥∥2L2 = n−1X
j=0
∥∥x∗Yj∥∥∥∥2
L2
+ ∥∥x∗X0∥∥2L2 :
Also recall that if Xn is a sequence of B-valued functions dened on
0; 1, each Xn being 6n-measurable, such that
R
GXn+1 −Xn = 0 for all
G ∈ 6n, then the values xn;k = Xnk− 12 /2n form a tree in B.
We now show that bounded trees generate weakly statistically null se-
quences. Suppose that xn;k x n; k ∈ L is a tree such that supn; k xn;k
<∞ and dene y = yk by y1 = x0 and yk = Ynk+ 12 /2n+1 − 1 when
k ∈ En+1. In other words, y is a sequence of all values of all functions Yn
written in the natural order. Now,
n−1X
j=0
x∗Yj2L2 ≤ sup
n
x∗Xn2L2 ≤ x∗2 sup
n; k
xn;k2 <∞
for each n ∈ ; thus
lim
n
x∗Yn2L2 = limn
1
2n+1
X
k∈En+1
x∗yk2 = 0:
So the sequence x∗yk2 (and hence x∗yk) is statistically null, and hence y
is weakly statistically null.
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Consequently the normalized Haar system in L10; 1 generates a weakly
statistical null sequence. Moreover, since every subsequence of the Haar
system in L10; 1 contains a subsequence which is equivalent to l1’s unit
vector basis, it contains no weakly convergent subsequences.
Let X = Xn be a tree in B with Yn = Xn+1 −Xn as its sequence of
differences and let X∗ = X∗n be a sequence of B∗-valued 6n-measurable
functions. The pair X;X∗ is said be a coherent pair in B if
1. There is an ε > 0 such that for every point t ∈ 0; 1 and for every
n ≤ m 〈
X∗mt;Xnt
 ≥ nε:
2. The sets X∗nt x n ∈ ω; t ∈ 0; 1 and Ynt x n ∈ ω; t ∈
0; 1 are each bounded.
Proposition 2. Let B be a Banach space. If there is a coherent pair
X;X∗ in B, then there is a bounded sequence x = xk which is weakly
statistically convergent to 0 with the property that there is no weakly null se-
quence y = yk such that yk = xk for almost all k.
Proof. Dene x = xk as follows: let x1 be the only value of X0; let x2
and x3 be the values of 1/2X1, let x4; : : : ; x7 be the values of 1/3X2;
and so on. Now note that for every x∗ ∈ B∗, one has a C > 0 such that
1
2n
X
k∈En
x∗xk2 = 1n+ 12 Z 10 x∗Xn2
≤ Cn+ 12
Z 1
0
X02 +
n−1X
j=0
Z 1
0
Yj2

:
Since
R 1
0 X02 +
Pn−1
j=0
R 1
0 Yj2 = On, it follows that x is weakly statisti-
cally convergent to 0 and that x is bounded.
Now let A be a subset of  with density 1 and for each n ∈  let vn =
r;m + 1 ∈  ×  where n = 2r +m and 0 ≤ m < 2r . Since δA = 1,
there is a subsequence xnk of xn such that nk ∈ A for all k ∈  and
if k < l then Fvnl ⊂ Fvnk. Fix t ∈ Fvnl and suppose that vnl = r;m.
Let x∗nk = X∗r t. Observe that if k < l and vnk = s; p, then, since
Xst = xnk and X;X∗ is a coherent tree,
x∗nl xnk = X∗r t

1
s
Xst

≥

1
s

sε = ε:
Now let x∗ be a weak∗-limit point of x∗nk and note that, for each s ∈ ,
x∗xns ≥ ε and hence xn ¢A 0 weakly in B. As A was an arbitrary set of
density 1, it follows that for any weakly null sequence y, δk x xk = yk
6= 1.
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Example 3. Let 1 denote the Cantor set. Then there is a coherent
system in C1.
Let hn;k x n; k ∈ L denote the Haar system in C1: h0; 1 = 1, h1; 1
and h1; 2 are characteristic functions of left and right halves of 1, respec-
tively, and h2; 1, h2; 2, h2; 3; and h2; 4 are characteristic functions of quar-
ters of 1, etc. Put dn;k = hn+1; 2k−1−hn+1; 2k and dene sn; k x n; k ∈ L
as follows: let s0; 1 = h0; 1 and, if sl; k x l = 1; : : : ; n − 1 have been de-
ned, let sn; 2k−1 = sn−1; k + dn−1; k and sn; 2k = sn−1; k − dn−1; k. Now set
Snt =
P2n
k=1 sn; kχFn;kt. Dene s∗n; k by s∗n; kf  = f α where α is a point
in the support of hn;k and observe that s
∗
m;ksn; k = sn; k = n whenever
m ≥ n. Set S∗nt =
P2n
k=1 s
∗
n; kχFn;kt and let S∗ = S∗n. Now a straightfor-
ward computation shows that S; S∗ is a coherent pair in C1.
We are now ready to demonstrate that any separable space with a non-
separable dual contains a coherent pair and hence establish Theorem 2.
Note that Proposition 1 provides one direction of the proof of Theorem 2.
The converse is established using Proposition 2 in tandem with Theorem 6
below. First we recall a result of Stegall:
Theorem 5 (Stegall [17]). Let B be a separable Banach space with a
nonseparable dual B∗ and ε > 0. Then there is a subset 1 of the unit sphere
of B∗ which is weak∗ homeomorphic to the Cantor set, a Haar system hn;k
for 1; and sequence zn; k ∈ B x n; k ∈ L such that zn; k < 1 + ε and
such that if T x B→ C1 is the canonical evaluation operator, then
∞X
n=1
2nX
k=1
∥∥Tzn;k − hn;k∥∥ < ε:
Theorem 6. Let B be a separable Banach space with a nonseparable dual
B∗; then B contains a coherent system.
Proof. Let zn; k ∈ B x n; k ∈ L be as given by Stegall’s theorem
with 0 < ε < 1/2. Now let S; S∗ be the coherent system constructed
in Example 3 and mimic the construction from the example. Set yn; k =
zn+1; 2k−1 − zn+1; 2k, x1; 1 = z1; 1 and xn; 2k−1 = xn−1; k + yn−1; k and xn; 2k =
xn−1; k − yn−1; k. Note that yn; k < 21+ ε and that
∥∥Txn;k − sn; k∥∥ ≤ nX
r=1
2rX
k=1
∥∥Tzr; k − hr; k∥∥ < ε:
Now note that if µ ∈ C1∗; µ = 1; and µsn; k = n, then µTxn;k >
n − ε ≥ nε. Now set Xnt =
P2n−1
k=1 xn;kχFn;kt, X∗nt = T ∗S∗nt, X =Xn, and X∗ = X∗n. A straightforward calculation now shows that
X;X∗ is a coherent pair in B:
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If one applies the above construction to the space l1, then the resulting
sequence will have no strongly null subsequences and hence, by Schur’s
theorem, also no weakly null subsequences. So, for a space containing a
copy of l1 there is a weakly statistically null sequence without any weakly
null subsequences. This proves one direction of Theorem 3.
In order to prove that if a space does not contain a copy of l1, then every
bounded weakly statistically null sequence contains a weakly null subse-
quence, it is helpful to recall the following result of Rosenthal:
Theorem 7 (Rosenthal [15]). Let B be a separable Banach space that
does not contain an isomorphic copy of l1, let A be a bounded subset of B;
and let x∗∗ ∈ B∗∗ be a weak-star limit point of A: Then there is a subsequence
of A which converges to x∗∗ in the weak-star topology of B∗∗:
Now let xn be a bounded, weakly statistically null sequence in a Ba-
nach space B: Note that, for any nite subset x∗1; : : : x∗p ∈ B∗; there is
a subsequence xnk of xn such that x∗l xnk converges to 0 for each
l = 1; : : : ; p and hence 0 is a weak-star limit point of xn in B∗∗: If B does
not contain a copy of l1; then Rosenthal’s theorem (applied to the closed
linear span of xn) yields that xn has a weakly null subsequence. This
establishes Theorem 3.
One can also consider similar problems for weak convergence with re-
spect to other densities. This approach will generate a wide spectrum of
new problems, and possibly some new classes of Banach spaces may ap-
pear as solutions of such problems.
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